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ABSTRACT 

We study an + 1 dimensional generalization of the Schwarzscliild black hole 
from the quantum mechanical viewpoint. It is shown that the mass loss rate of this 
higher dimensional black hole due to the black hole radiation is proportional to -phi: 
where r is the radial coordinate. This fact implies that except in four dimensions 
the quantum formalism developed in this letter gives a different result with respect 
to the mass loss rate from the semiclassical formalism where the Stefan-Bolzmann 
formula for a blackbody radiation is used. As shown previously in the study of 
the four dimensional Schwarzschild metric, the wave function in this case has also 
quite curious features that it is singular owing to strong quantum fluctuation of the 
gravitational field at the singularity while completely regular in the other regions 
of the spacetime. 
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Despite much impressive effort, establishing a quantum field theory which uni- 
fies the gravitational interaction with the other interactions existing in nature 
remains to be one of unsolved problems in the modern theoretical physics. Mo- 
tivated by the development of superstring theories [1], it seems that most recent 
works in this search have been directed at studying theories where the number of 
spacetime dimension is greater than four. In particular, in more recent works it 
is widely expected that black holes would play a very important role in under- 
standing the non-perturbative features of quantum gravity [2]. Hence examining 
quantum aspects of black holes in A'^ -|- 1 dimensions with A^^ > 3 is certainly of im- 
portance in obtaining useful informations about quantum gravity when we attempt 
to construct a unified theory in future. 

In this letter, we would like to study the Hawking radiation [3] of the higher 
dimensional analog of the 3-1-1 dimensional Schwarzschild black hole [4, 5] in terms 
of the recently developed formalism [6-11] which goes beyond the semiclassical 
analysis [3] and is purely quantum mechanical at least in the geometry involving 
a black hole. Although we deal with a specific higher dimensional black hole in 
general relativity for the sake of simplicity, it is straightforward to apply the present 
formalism to the more complicated black holes with several nontrivial charges which 
have recently been found in the low energy effective theory of superstrings [2] . 

Our motivations in this letter are twofold. On the one hand, by extending 
the previous formalism constructed in dimensions equal to or lower than four to 
the higher dimensional Schwarzschild black hole we would like to understand some 
quantum aspects of the black hole evaporation in an arbitrary dimension. On 
the other hand, it was shown in the previous works [6-11] that in two and four 
dimensions the mass loss rate of quantum evaporating black holes coincides with 
the result obtained in the semiclassical analysis. Then one is naturally led to ask 
whether this coincidence remains true even in higher spacetime dimensions. We 
will see that this is not the case in general. This fact makes it clear that our 
quantum mechanical approach is surely different from the semiclassical one. 
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The classical action which we consider has the form 

S^J d^+'x^-i^+^)g ( j^^^'+'^R - ^^''+'^g""0,<^0^'^ ), (1) 

where {N + 1) is put on the metric tensor and the curvature scalar to distinguish 
the A'^ + 1 dimensional quantities from the two dimensional ones appearing in what 
follows. We follow the conventions adopted in the MTW textbook [12] and use the 
natural units G = h = c = 1. The Greek indices take the values 0, 1, 2, ... 

N, while the Latin indices a,b, ... run over the two dimensional values and 1. 

Adopting a general spherically symmetric ansatz [13] 



= gab{x'=)dx''dx^ + (l)\x'')dn%_^, 



(2) 



with 

N-l 

dn%_-^ = del + sin^ 02del + ■ ■ • + n ^^^^ ^i^^N^ (3) 

1=2 

then (1) can be cast to be 
^-^v-i /" ,2. 



'-^ J d'xV^g [cj>^-'R+{N-l){N-2)<P^-\l + 9'^% 
^ I d\^g <P^-V%^d,^, 



(4) 



where we have also set Oq.^ — 0. In deriving (4), the following identities have been 
used: 

^R-2(N- l)^g^^VaVb<l> +(N- 1)(N - 2)^(1 - /Va</.Vfe0), (5) 

and 

i^+^)gWN+l)R^^^^ = • • • = (6) 

which are features from spherical symmetry. And wn-i denotes the area of a unit 
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N 

N — 1 sphere, which is defined by -pr^- In this article, we confine ourselves to 
the cases of A*" > 3. = 1 and N = 2 cases have been separately examined in 
our previous works [9]. From now on, as the classical action we shall make use of 
S — i;^^S in order to keep the correspondence with the N — 3 case [10]. 

Following the method in ref. [13], we are ready to construct the canonical for- 
malism. Particularly, we can readily evaluate the Hamiltonian which turns out 
to be a linear combination of the Hamiltonian constraint Hq and the momentum 
constraint Hi as follows: 

J dx^ {aHo + (3Hi), (7) 



with 



^2^^^ TV -10^-2^'^^^+ N-1 4>N-iPv 

(8) 

Hi = ^ + ^P^<P' - % - \v^i- (9) 
Here we have introduced the ADM parametrization [13] 



(10) 



and a prime denotes the differentiation with respect to x^. 

The N + \ dimensional generalization of the four dimensional Schwarzschild 
metric has been found by Tangherhni [4] (See ref. [5] for the detail of black holes 
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in higher dimensional spacetimes) whose hne element is 



ds' ^ -{1 - ^Z2)dt^ + , J' C dr^ + rWN_i, (n) 
where the parameter C is related to the black hole mass M by 

Now for later convenience let us rewrite (11) into the form of the ingoing Vaidya 
metric [14] 

ds^ = -(1 - ■^^)dv^ + '^dvdr + r^dn%_-^, (13) 

where v is the advanced time coordinate and C is the function of only v coordinate. 

The canonical quantization of a system with the Vaidya metric (13) proceeds 
essentially as in the previous works [6-11]. Here, however, we would like to present 
the more detailed explanation than before. As a first step toward the canonical 
quantization, we have to select the following two dimensional coordinate 

= (x°,x^) = {v-r, r). (14) 

This choice of the coordinate system is very crucial to reach the desired results in 
what follows. Next task is to fix the two dimensional reparametrization invariances 
by the gauge conditions 

C \ c 



9ab=\ c 1 ^ C I ' (1^) 



where C, which is related to M through (12), is a general function depending on 
the two dimensional coordinate x°' so is M also such a function. These gauge 
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conditions arc chosen such that the Unc clement has almost the same form as the 
Vaidya metric. Finally, in order to make the metric (15) coincide with the ingoing 
Vaidya metric (13) precisely, let us make assumptions on the dynamical fields 



$ = ^{v), M = M{v), (j)^r. (16) 

Here we wish to make a comment on (16). It is true that identifying the function 
with the mere coordinate r is a great simplification leading to the minisuperspace 
model since it effectively kills the role as a dynamical field of (f). However, this 
assumption can be seen as one method to gain a useful approximation to the exact 
Hamiltonian. Incidentally, consistency of (15) and (16) with the field equations 
stemming from (1) is checked by a lengthy but straightforward calculation. 

Now using various equations discussed above, we can find a remarkable equa- 
tion 

^/yHo = 'J Hi, 

_ 1 2 {N-l){N-2) C2 (17) 

where 7 = 1 + from (10) and (15). Note that (17) exactly reduces to the 
corresponding equation in the four dimensional Schwarzschild black hole when 
specified to = 3 [10]. Replacing and p^p with —i-^ and —i-§^i respectively, 
leads to the Wheeler-DeWitt equation. 

r 1 a2 d iN-l)iN-2) C2 

[-0^ + ^^50 + 1 * = ^''^ 

A special solution of this Wheeler-DeWitt equation can be found to be 

^ 1 ^iV — l){iV 2)C7^ 

= (S+e^*^'') S_e~^*(^)) (19) 

where A and B± are integration constants. This wave function has a perfectly 
similar behavior to that of the four dimensional Schwarzschild black hole [10]. 
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Namely, at the spatial infinity r ^ oo, 7 ^ 1 thus ^ consists of the ingoing 
matter field in the asymptotically fiat spacetime while at the singularity r — 0, 
7 — > 00 so that ^ oscillates violently due to strong quantum effects associated with 
the gravitational degrees of freedom 7, which correspond classically to "graviton" . 
In this respect, it is worthwhile to notice that ^ is completely regular over the 
whole region of spacetime except at the curvature singularity. 

Then under a rather general definition of the expectation value, it is easy to 
evaluate the expectation value of the change rate of the black hole mass. The result 
is 

This result as well as (18) and (19) also becomes equivalent to that of the four 
dimensional black hole when N — 3 [10]. 

So far we have described how to apply the formalism [6-11] to the higher 
dimensional Schwarzschild black hole [4, 5] and obtained a physically reasonable 
pictures with respect to both the wave function and the mass loss rate due to 
the Hawking radiation. Here a natural question arises as to what differences we 
would have when we compare the results obtained in the present formalism with 
the semiclassical results [3]. This is because both formahsms are certainly distinct: 
Our formalism is purely quantum mechanical in the sense that we have performed 
the canonical quantization of not only the gravitational field but also the matter 
field, while the semiclassical formalism [3] deals with the matter field as only the 
quantum field on the fixed background gravitational field. Therefore we expect 
both formalisms to provide us different behavior about the black hole evaporation. 
However, against this expectation, as far as the two and four dimensional black 
holes are concerned, we could not find any difference at least about the mass loss 
rate in the vicinity of the apparent horizon [6-11]. This appears to be somewhat 
strange. The purpose of this letter is to show that this is not always the case. 
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Wc begin by reviewing briefly the semiclassical formalism of the black hole 
radiation [15]. Since the radiation is of a blackbody nature [3], it is plausible to 
make use of the Stefan- Boltzmann law of blackbody radiation in evaluating an 
order estimate for thermal radiation from a black hole. Then it turns out that up 
to unimportant numerical constants, in iV + 1 dimensions the mass loss rate of an 
evaporating black hole is given by 

(21) 

~ -(M Jv^)^~\M~Jvr2)^+i = -M~^, 

where Ajj and T respectively denote the area of the horizon and the Hawking 

temperature. Here we have assumed that particle creation occurs in the vicinity 

of the horizon. In addition, we have used the fact that the Hawking temperature 

1 1 

T and the horizon radius are proportional to M ^-2 and M^-'^, respectively 
[4, 5]. 

On the other hand, our quantum mechanical formalism gave rise to the result 
(20) with respect to the mass loss rate. If we take r to be the radius of the horizon, 
i.e., rn = C^^, (20) yields 

N — 1 

<dyM >r^ -M-^. (22) 

Now by comparing (21) with (22), it is obvious that it is only in 3 + 1 dimensions 
(A^ = 3) that the semiclassical and the quantum mechanical formalisms give the 
same dependency on the black hole mass up to numerical factors. This calculation 
clearly explains why both formalisms have provided the same mass loss rate in four 
dimensions in the previous works [6-11]. Incidentally, in two dimensions we have 
considered not the Einstein gravity but the dilaton gravity [16] so that the present 
analysis does not apply to this case in a direct manner [9]. 
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In summary we have investigated some quantum aspects of a dynamical black 
hole corresponding to the Schwarzschild geometry in higher dimensions. Particu- 
larly, it was shown that there is the difference with respect to the mass loss rate 
between our quantum mechanical formalism and the conventional semiclassical for- 
malism in + 1 (A^ > 4) dimensions even if it is obscure in four dimensions. This 
observation in turn gives us a motivation that we should examine the present for- 
malism further to understand various interesting properties associated with quan- 
tum black holes. One of the most attractive works in future seems to be to relax 
the assumption cj) = r and construct the more general formalism than the present 
one, which would provide a more satisfactory treatment of the gravitational degrees 
of freedom. We wish to return to this problem in near future. 
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